Abstract. New lower bounds of the first nonzero eigenvalue of the weighted p-Laplacian are established on compact smooth metric measure spaces with or without boundaries. Under the assumption of positive lower bound for the m-Bakry-Émery Ricci curvature, the Escober-Lichnerowicz-Reilly type estimates are proved; under the assumption of nonnegative ∞-Bakry-Émery Ricci curvature and the m-Bakry-Émery Ricci curvature bounded from below by a non-positive constant, the Li-Yau type lower bound estimates are given. The weighted p-Bochner formula and the weighted p-Reilly formula are derived as the key tools for the establishment of the above results.
Introduction and main results
Let (M, g) be a compact n-dimensional Riemannian manifold. Denote by Ric the Ricci curvature, by D the diameter of M and by ∂M the boundary of M. It is known that the eigenvalue estimate for the Laplacian on Riemannian manifolds, which is studied intensively, is an important and longstanding issue in geometric analysis and PDE theory (see e.g. [6, 39, 21] ). Among the results on the lowest eigenvalue estimates, the most famous one is obtained by Lichnerowicz [25] and Obata [31] . Let λ 1 be the first nonzero eigenvalue of M.
Theorem A (Lichnerowicz-Obata) . Let (M, g) be a closed Riemannian manifold with positive Ricci curvature, i.e., Ric ≥ Kg for some K > 0. Then When M has a nonempty boundary, if Ric ≥ Kg for some K > 0 and the mean curvature with respect to the outward unit norm vector field is nonnegative, Reilly [33, Theorem 4] established the Lichnerowicz-Obata result for the first Dirichlet eigenvalue, and if the boundary of M is convex, Escobar [12, Theorem 4.3] proved the Lichnerowicz-Obata result for the first nonzero Neumann eigenvalue.
Assume that M is closed and has nonnegative Ricci curvature, i.e., Ric ≥ 0. Li-Yau [22] deduced that
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Moreover, Hang-Wang [15] proved that if the equality in (1.3) holds then M must be isometric to the unit circle with radius D/π. The results for the case of general Ricci curvature lower bound K ∈ R were obtained by Kröger [19] using the gradient comparison technique, and independently by Chen-Wang [7, 8] applying the probabilistic "coupling method", and recently by Andrews and Clutterbuck [2] deriving sharp estimates on the modulus of continuity for solutions of the heat equation. In a submitted paper, F.Z. Gong, D.J. Luo and the second named author [14] also adapted successfully the coupling method to give a new proof of the fundamental gap conjecture, which was first proved by Andrews and Clutterbuck in the seminal paper [1] .
We should mention that there are also extensions of the Lichnerowicz-Obata theorem in the nonsmooth metric measure spaces. Let K > 0. Lott-Vinalli [26] obtained (1.1) under the curvaturedimension condition CD(K, n) (see also [40, Theorem 30.25] ). Erbar-Kuwada-Sturm [11] showed (1.1) under the Reimannian curvature-dimension condition RCD * (K, n), which is the strengthening of the curvature-dimension condition in the sense of Lott-Sturm-Villani by requiring the linearity of the heat flow, and Ketterer [16] established the rigidity part recently. In the Alexandrov space with a new notion of the Ricci curvature lower bound, which is stronger than the Riemannian curvature-dimension condition, namely C(K, n), Qian-Zhang-Zhu [32] obtained the the Lichnerowicz-Obata theorem.
A natural question is how to estimate the bound of the first eigenvalue of the p-Laplacian on the compact Riemannian manifold M. Let p ∈ (1, ∞) here and in the sequel. The p-Laplacian is defined by
which is understood in distribution sense. The first nonzero eigenvalue of ∆ p is conventionally denoted by λ 1,p . When the closed Riemannian manifold (M, g) has positive Ricci curvature lower bound, i.e., Ric ≥ (n − 1)Kg with K > 0, by using a Bochner type formula, Matei [28] showed that 
where 
In particular, when m = ∞, Ric ∞ f := Ric f := Ric + Hess f is the classical Bakry-Émery Ricci curvature, which is introduced by Bakry-Émery [3] in the study of diffusion processes (see also [4] for a comprehensive introduction), and then it has been extensively investigated in the theory of the Ricci flow (for example, the gradient Ricci soliton equation is precisely Ric f = λg for some constant λ) (see e.g. [10] ). The case where m = n is only defined when f is a constant function. There is also a natural analog of the Laplacian, that is, the weighted Laplacian (also called the f -Laplacian, drifting Laplacian or Witten Laplacian in the literature), denoted by 
Li-Wei [20, Theorem 3] also showed a Lichnerowicz-Obtata type lower bound of the first nontrivial eigenvalue of the weighted Laplacian on a compact Riemannian manifold with boundary under the assumption of positive m-Bakry-Émery Ricci curvature lower bound. In this note, we consider the first eigenvalue lower bound estimate of the weighted p-Laplacian, denoted by ∆ p, f , on the compact smooth metric measure space (M, g, dµ). More precisely, for a function u ∈ W 1,p (M), the weighted p-Laplacian is defined by
which is also understood in distribution sense. We call that λ is an eigenvalue of the weighted p-Laplacian ∆ p, f if there exists a nonzero function u ∈ W 1,p (M) satisfying
in distribution sense. We also use the notation λ 1,p to denote the first nonzero eigenvalue of ∆ p, f (since we will never consider ∆ p from now on).
Inspired by works mentioned above, combining the weighted p-Bochner formula (see Lemma 2.1 below) and the weighted p-Reilly formula (see Lemma 2.2 below) with the gradient estimate technique, we can obtain some lower bound estimates for the eigenvalue λ 1,p in terms of the sign of the m-Bakry-Émery Ricci curvature. Now we begin to introduce the main results in this work. We first need some notations. Let n be the outer unit normal vector field of ∂M. The second fundamental form of ∂M is defined by II(X, Y) = ∇ X n, Y for any vector fields X and Y on ∂M. The quantities
are the mean curvature and the weighted mean curvature of ∂M at x ∈ M. We call that ∂M is convex if the second fundamental form II ≥ 0. If ∂M ∅, we assume the Dirichlet boundary condition or Neumann boundary condition, and then denote the first Dirichlet eigenvalue and the first nonzero Neumann eigenvalue of the weighted p-Laplacian ∆ p, f as λ Dir and λ Neu , respectively.
Theorem 1.1 (Escobar-Lichnerowicz-Reilly type estimates). Assume p ≥ 2 and K
where λ 1,p is the first nonzero eigenvalue of the weighted p-Laplacian. In particular, if Ric f ≥ Kg, 
(1.10)
In particular, if Ric f ≥ Kg, then [12] and independently [42] in the Dirichlet case and to [33] 
Here π p is defined in (1.6).
Remark 1.4.
In [34, 30] This note is organized as follows. In Section 2, we establish the weighted p-Bochner and the weighted p-Reilly formulas as the key tools to prove our main results by a detailed calculation. The proofs of main theorems are presented in Section 3.
In addition, if M has a convex boundary, then the first nonzero

The weighted p-Bochner and p-Reilly formulas
Let (M, g, dµ) be a smooth metric measure space. In the Laplacian setting, the important tools for gradient estimates and first eigenvalue estimates are the maximum principle, Bochner formula and Reilly formula. Likewise, in our weighted p-Laplacian setting, we are going to establish the weighted p-Bochner formula and weighted p-Reilly formula. Instead of using the Laplacian, we use the linearized operator of the weighted p-Laplacian at the maximum point in this work. The linearized operator of the weighted p-Laplacian at point u ∈ C 2 (M) such that ∇u 0 is given by (see [37, 38] )
Hess ψ(∇u, ∇u)
for a smooth function ψ on M, where A can be viewed as a tensor and it is defined as
This operator L f is defined pointwise only at the points that ∇u 0 holds, and moreover, at these points, L f is strictly elliptic. Denote by L f the sum of the second order parts of L f , and hence
We should mention that, since the equation (1.7) can be either degenerate or singular at the points such that ∇u = 0 (according to the value of p), we usually use an ε-regularization technique by replacing the linearized operator L f with its approximate operator, i.e.,
and u ε is a solution to the approximate equation
In order to avoid the tedious presentation, we omit the details here; the interested reader should refer to [18] for example. Now we prove a nonlinear form of the weighted Bochner type formula related to the linearized weighted p-Laplacian. ; furthermore, Proof. Choose a local orthonormal frame of vector fields e 1 , · · · , e n with e n = n on the boundary ∂M, and denote u i = du(e i ), u i j = Hess u(e i , e j ), etc. Let w := |∇u| 2 . Then w i = 2u k u ki , w j = 2u l u l j and w i j = 2u k j u ki +2u k u ki j , so that ∆ ∞ u = . Let us calculate ∆ f (|∇u| p ) and Hess(|∇u| p ). Applying the weighted Bochner formula (see e.g. [23] or [41] ), we have
where ∇ i = ∇ e i . These lead us to
Then we obtain
On the other hand,
Thus, we conclude that
Thus, (2.2) follows. Moreover, the first order part of L f is given by
Hess u ∇u, ∇w − ∇u, ∇w w ∇u
Thus,
where we used the fact that |Hess u|
. Therefore, the proof of (2.3) is complete.
To understand the case when M has a nonempty boundary, we need an identity which follows from integration by parts on the weighted p-Bochner formula with respect to dµ. We call it a weighted p-Reilly formula and present it in the next theorem. Denote by dσ = e − f dV ∂M the weighted Riemannian volume measure of ∂M, where dV ∂M is the Riemannian volume measure of ∂M. Let ∇ ∂ and ∆ ∂ be the covariant derivative and Laplacian on ∂M with respect to the induced Riemannian metric, and let ∆ ∂, f be the weighted Laplacian on ∂M. 
Theorem 2.2 (weighted p-Reilly formula). Let (M, g, dµ) be a compact smooth metric measure space with boundary ∂M. Then for any C
Integration by parts immediately yields
On the other hand, the divergence theorem implies
Following the similar calculation in [9] or [27] , we have
Combining all these identities, we obtain
This finishes the proof of (2.4).
Remark 2.3. (1) For the general Riemannian manifold (M, g), the p-Reilly formula (2.4) is also new.
In fact, when f = const., the identity (2.4) reduces to
(2) For p = 2, (2.4) becomes the classic Reilly formula for the weighted Laplacian ∆ f (see [27, 17] 
The first eigenvalue estimate for weighted p-Laplacian
In this section, we prove the main results, namely Theorems 1.1, 1.3 and 1.5, which are presented in the following three subsections, respectively.
3.1.
Positive m-Bakry-Émery Ricci curvature. The original idea of the proof of Theorem 1.1 comes from the Laplacian case (see e.g. Appendix A in [10] ). The main tools we use here are the weighted p-Bochner formula (2.3) and the weighted p-Reilly formula (2.4), and some tricks from the geometry related to the Bakry-Émery Ricci curvature (see [4, 23, 41] ).
Proof of Thoerem 1.1. Let K > 0 and let (M, g, dµ) be a compact smooth metric measure space with Ric m f ≥ Kg. Since the case where p = 2 is obviously true, we should assume that p > 2. For λ ∈ R, let u be the solution to the equation (1.7) and let m < ∞. The weighted p-Bochner
where the first inequality follows from (see e.g. [23] )
and the second inequality follows from (1.7) and the assumption.
(1). Suppose ∂M = ∅. Integrating (3.1) on M with respect to measure dµ = e − f dV, we have
Multiplying ∆ p, f u + λ|u| p−2 u = 0 by |u| p−2 u on both sides and integrating by parts, we obtain
Using the Hölder inequality, for any p > 2, we have
Combining (3.3), (3.4) and (3.5), we obtain
Since M |u| 2p−2 dµ > 0, for any p > 2, we have
For the case m = ∞, if Ric f ≥ K, then by (2.3) and (3.4), we get
and hence (1.9) follows. (2) . Suppose (M, g, dµ) has a nonempty boundary ∂M. Using the weighted p-Reilly formula (2.4) and the estimate in (3.2), we have
Applying the technique used for estimating (3.4) and (3.5), we get
Recall the Dirichlet boundary condition is u = 0 on ∂M and the Neumann boundary condition is ∂u ∂n = 0 on ∂M. Using the assumption on the boundary ∂M, we finally obtain the two estimates (1.10) for m < ∞. In a similar spirit, we also have (1.11).
3.2. Nonnegative Bakry-Émery curvature. In order to prove Theorem 1.3, we compute the linearized weighted p-Laplacian L f of a proper gradient quantity, and then apply the maximum principle and the weighted p-Bochner formula (2.2).
Let (M, g, dµ) be a compact smooth metric measure space without boundary. Assume u is the eigenfunction corresponding to λ 1,p , which means u satisfies the equation (1.7) with λ replaced by λ 1,p in distribution sense. It is known that the solution u is C 1,α (M) for some 0 < α < 1. Then 
Proof. Let F := |∇u| p 1−|u| p . Suppose it achieves its maximum at a point x 0 ∈ M. If |∇u(x 0 )| = 0, then (3.6) trivially holds. If |∇u(x 0 )| 0, then we may rotate the frame so that u 1 (x 0 ) = |∇u(x 0 )| and u j (x 0 ) = 0 for j ≥ 2 and F is C ∞ in a neighborhood of x 0 . By the maximum principle, we have
At the point x 0 , we obtain
Combining this with (1.7) and the weighted p-Bochner formula (2.2), we deduce that
and
where we have used Ric f ≥ 0, |Hess u| 2 ≥ u 2 11 and ∆ ∞ u ≥ u 11 . Applying L f to both sides of the identity (1 − |u| p )F = |∇u| p , with the fact ∇F(x 0 ) = 0 and
Combining this with (3.7) and (3.8), we obtain
Noticing that u p−2
which immediately implies
Therefore, we finish the proof.
Proof of Theorem 1.3.
(1) Let x 1 , x 2 ∈ M such that u(x 1 ) = 1 − ε and u(x 2 ) = −a(1 − ε). Take a normalized minimal geodesic from x 2 to x 1 . Since the Riemannian distance between x 1 and x 2 is no bigger than D, (3.6) implies that
which concludes the proof of Theorem 1.3 (1).
(2) Assume that ∂M is nonempty. Let F := |∇u| p 1−|u| p be the auxiliary function as in Lemma 3.1. If the maximum of F is attained in the interior of M, then using the similar argument as in (1), we can still obtain the desired estimate. Thus, we assume the maximum of F is attained at, say x 0 ∈ ∂M, and then derive a contradiction.
Choosing an orthonormal frame of vector fields {e i } n i=1 in a neighborhood of x 0 in ∂M such that e n = n. By the Hopf maximum principle, we have 
since either u i = 0 on ∂M (Dirichlet) or e i (u n ) = 0 (Neumann). Putting (3.10) and (3.11) into (3.9), we obtain 
